The main object of this investigation is to give some sufficient conditions for analytic functions, by the method of p-subordination chains, to be the pth power of a univalent function in the open unit disk U. Also, the significant relationships and relevance to other results are also given. A number of known univalent conditions would follow upon specializing the parameters involved in our main results. MSC: Primary 30C45; secondary 30C55; 30C80
Introduction
Denote by U r = {z ∈ C : |z| < r} ( < r ≤ ) the disk of radius r, and let U = U  . Let A denote the class of analytic functions in the open unit disk U which satisfy the usual normalization condition f () = f () - = . Traditionally, the subclass of A consisting of univalent functions is denoted by S. Let P denote the class of functions p(z) =  + 
In particular, if the function g is univalent in U , the above subordination is equivalent to f () = g() and f (U ) ⊂ g(U ).
p-normalized subordination chain and related theorem
Before proving our main theorem, we need a brief summary of the method of psubordination chains. In order to prove our main results, we need the following lemma due to Hallenbeck and 
Definition . (see Hallenbeck and Livingston
[]) Let L(z, t) be a function defined on U × I, where I := [, ∞). L(z, t) is called a p-subordination chain if L(z, t) satisfies the following conditions: . L(z, t) is analytic in U for all t ∈ I, . L (k) (, t) = , k = , , . . . , p -, and L (p) (, t) = , . L(z, t) ≺ L(z, s) for all  ≤ t ≤ s < ∞, z ∈ U . p-subordination chain is said to be normalized if L(, t) =  and L (p) (, t) = p!Livingston []. Lemma . Let L(z, t) = a p (t)z p + a p+ (t)z p+ + · · · , a p (t) = , be analytic in U r for all t ∈ I. Suppose that (i) L(z, t)U × I → C satisfying h(z, t) >  for all z ∈ U , t ∈ I and p ∂L(z, t) ∂t = z ∂L(z, t) ∂z h(z, t) (z ∈ U r , t ∈ I). (.)
Then, for each t ∈ I, the function L(z, t) is the pth power of a univalent function in U .
Pommerenke's theory of subordination chains [, ] corresponds to p = . The univalence of complex functions is an important property, but, unfortunately, it is difficult and in many cases impossible to show directly that a certain complex function, especially a function belonging to the class A, is univalent. Pommerenke includes sufficient conditions for a integral operator to be the pth power of a univalent function in U .
In the present paper, we obtain sufficient conditions for the functions f belonging to the class A * p in terms of the Schwarz derivative defined by 
p-valence criteria
Making use of Lemma ., we can prove now our main result related to the Schwarz derivative.
is the pth power of a univalent function in U .
Proof Consider the functions defined by
where we choose the branch of the power (·) / , which for z =  has value , and
The functions u and v are analytic in U since f and g analytic. For all t ∈ I and z ∈ U r  ( < r  ≤ ), the function L : The limit function k(z) = z p belongs to the family {L(z, t)/e pt : t ∈ I}; then there exists a number r  ( < r  < r  ) such that in every closed disk U r  , there exists a constant
uniformly in this disk, provided that t is sufficiently large. Thus, by Montel's theorem, {L(z, t)/e pt } forms a normal family in each disk U r  .
Since the function (e -mt , z p+ ) is analytic in U , for k ∈ N  = N∪{}, the function (k) (e -mt , z p+ ) is continuous on the compact set, so (k) (e -mt , z p+ ), k ∈ N  , is a bounded function. Thus, for all fixed T > , we can write e t < e T , and we obtain that for all fixed
Therefore, the function L(z, t) is locally absolutely continuous in I; locally uniform with respect to U r  . After simple calculations, from (.) we obtain
Consider the function h : U r × I → C for  < r < r  and t ∈ I defined by
From (.) to (.), we can easily see that the function h(z, t) is analytic in U r ,  < r < r  . If the function
is analytic in U and |w(z, t)| <  for all z ∈ U and t ∈ I, then h(z, t) has an analytic extension with a positive real part ( h(z, t) > ) in U for all t ∈ I. From equality (.) we have
where
for z ∈ U and t ∈ I. The inequality |w(z, t)| <  for all z ∈ U and t ∈ I, where w(z, t) is defined by (.), is equivalent to Since |e -t z| ≤ e -t <  for all z ∈ U and t > , we find that w(z, t) is an analytic function in U . By the maximum modulus principle, it follows that for all z ∈ U -{} and each t >  arbitrarily fixed, there exists θ = θ (t) ∈ R such that 
